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The spectral problem (A + V(z))ip = zip is considered where the main 
Hamiltonian A is a self-adjoint operator of sufficiently arbitrary nature. The 
perturbation V(z) = —B{A' — z)~ 1 B* depends on the energy z as resolvent of 
another self-adjoint operator A'. The latter is usually interpreted as Hamil- 
tonian describing an internal structure of physical system. The operator B 
is assumed to have a finite Hilbert-Schmidt norm. The conditions are formu- 
lated when one can replace the perturbation V{z) with an energy-independent 
CN ' "potential" W such that the Hamiltonian H = A + W has the same spectrum 

(more exactly a part of spectrum) and the same eigenfunctions as the initial 
spectral problem. The Hamiltonian H is constructed as a solution of the non- 
linear operator equation H = A + V{H). It is established that this equation is 
closely connected with the problem of searching for invariant subspaces of the 
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. The orthogonality and expansion theorems are 



\& , proved for eigenfunction systems of the Hamiltonian H = A + W. Scattering 

theory is developed for this Hamiltonian in the case where the operator A has 
continuous spectrum. 
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I. INTRODUCTION 

Perturbations, depending on the spectral parameter (usually energy of system) arise in 



a lot of physical problems (see papers (T|]- |L6| and Refs. therein). In particular, such are 



the interaction potentials between clusters formed by quantum particles - ||. 

The perturbations of this type appear typically [0- [Q, pT| - |i~6| as a result of dividing 
the Hilbert space H of physical system in two subspaces, TL = Hi © Ti.2- The first one, 
say TCi, is interpreted as a space of "external" (for example, hadronic) degrees of freedom. 
The second one, Ti.2, is associated with an "internal" (for example, quark) structure of the 
system. The Hamiltonian H of the system looks as a matrix, 



H 



B21 A 2 



(1) 



1 



B* 2 , the 



with A\, A2, the channel Hamiltonians (self-adjoint operators) and B12, B%\ 
coupling operators. Reducing the spectral problem HU = zU , U = {ui,u 2 } to the channel 
a only one gets the spectral problem 



[A a + V a (z)]u a = zu a , a 



1,2, 



where the perturbation 



V a (z) = -B al3 (Ap - z) 1 B /3a , (3^ a, 



(2) 



(3) 



depends on the spectral parameter z as the resolvent (Ap — z)^ 1 of the Hamiltonian Ap. In 
more complicated cases V a (z) can include also linear terms in respect with z. Other types 
of dependency of the potentials V a (z) on the spectral parameter z give, in a general way, 
the spectral problems (^|) with a complex spectrum. 

[T^H devoted to a study 



The present paper is a continuation of the author's works 



of the possibility to "remove" the energy dependence from perturbations of the type @. 



Namely, in [T? 

H a = A a + W a is a part of the spectrum of the problem 



19| we construct such new potential W a that spectrum of the Hamiltonian 

. At the same time, the respective 



eigenvectors of H a become also those for (0). Hamiltonians H a are found as solutions of the 
non-linear operator equations 



H a = A a + V a (H a ) 



(4) 



first appeared in the paper |J by M.A.Braun in connection with consideration of the 
quasipotential equation. The operator- value function V a (Y) of the operator variable Y, 
Y : H a — > H a , is defined by us in such a way (see Sec. p|) that eigenvectors ip of Y, 
Yip = zip, become automatically those for V a (Y) and V a (Y)ip = V a {z)ip. 

Note that the problem of removal of the dependence on a spectral parameter from per- 
turbation is interesting not only in itself. In particular, there is a rather conceptual question 
(see for instance Refs. ]7J], [|10j and [I7J) concerning a use of the two-body energy-dependent 
potentials in few-body nonrelativistic scattering problems. Since the energies of pair sub- 
systems are not fixed in the N-body (N> 3) problem, a direct embedding of such potentials 
into the few-body Hamiltonian is impossible. Thus, the replacements of the type (|j) energy- 
dependent potentials with the respective new potentials W a could be considered as a way 
to overcome this difficulty 

In Ref. [17], the problem of the removal of the energy dependence from the type (|3|) 
perturbations was considered in details when one of the operators A a is the Schrodinger 
operator in L2(R n ) and another one has a discrete spectrum only. The reports [18|, fl9| 
announce the results concerning the equations (^) and properties of their solutions H a in a 
rather more general situation where the Hamiltonian H may be rewritten in terms of a two- 
channel variant of the Friedrichs model investigated by O.A.Ladyzhenskaya and L.D.Faddeev 
in Ref. []20| and L.D.Faddeev in Ref. pi ]. In the paper [16|] the method |~7|H Ell i s applied 
for construction of an effective cluster Hamiltonian for atoms adsorbed by the metal surface. 

In the present paper, we specify the assertions from [|H|, [19] and give proofs for them. 



Also, we pay attention to an important circumstance disclosing a nature of solutions of the 
basic equations (f|). Thing is that the potentials W a = V a (H a ) may be presented in the 
form W a = B Q/3 Qp a where the operators Qp a satisfy the stationary Riccati equations (|24D 
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(see Sec. [HI] ). Exactly the same equations arise in the method of construction of invariant 



subspaces developed by V.A.Malyshev and R.A.Minlos [22 1 , [23] for a class of self-adjoint 



operators in statistical physics. It follows from the results of [22], [23] that operators H a , 
a = 1,2, determine in fact, parts of the two-channel Hamiltonian H acting in corresponding 
invariant subspaces (see Theorem ^ and comments to it). 

Recently, the author came to know about the work p3| by V.M.Adamjan and H.Langer 
studying the operator- value functions written in our notation as F a (z) = z — A a ±B a p(Ap — 
z)~ 1 Bp a . In particular Adamjan and Langer show in this work that a subset of eigenvectors 
of F n can be chosen to form a Riesz basis in Ti n . There is a certain intersection of their 



results and ours from Refs. ||17]|- p~9[] . However the methods are different. 



The paper is organized as follows. 

In Sec. we describe the Hamiltonian H as a two-channel variant of the Friedrichs 
model [p0|| , pl| . We suppose that both operators A a , a = 1,2, may have continuous 
spectrum. When properties of objects connected with this spectrum (wave operators and 
scattering matrices) are considered in following sections, the coupling operators B a p in ([[]) 
are assumed to be integral ones with kernels B a p(\, /x), the Holder functions in both variables 
X,fi. 

In Sec. |T| the equations (H) are studied. As in Refs. P2J, we suppose that spectra 
cr(Ai) and u(A 2 ) of the operators A\ and A 2 are separated, dist{cr(Ai), a(A 2 )} > 0. Exis- 
tence of solutions of Eqs. (f|) is established only in the case where the Hilbert-Schmidt norms 
1 1 1 1 2 of the coupling operators B a p satisfy the condition ||S a /j||2 < |dist{cr(Ai), a(A 2 )}. 

In Sec. [TV] the eigenfunctions systems of the operators H a are studied and theorems of 
their orthogonality and completeness are proved. We show here in particular that spectrum 
of the Hamiltonian H is distributed between the solutions H\ = A\ + B 12 Q 2 i and H 2 = 
A 2 + B 21 Q 12 , Q 21 = —Ql 2 , of the basic equations (f|) in such a way that H 1 and H 2 have not 
"common" eigenfunctions U = {ui,u 2 } of H: simultaneously, the component U\ can not be 
eigenfunction for Hi, and the component u 2 , for H 2 . 

In Sec. [V] we introduce new inner products in the Hilbert spaces TC a , a = 1,2, making 
the Hamiltonians H Q self-adjoint. 

In Sec. [VI] we give a non-stationary formulation of the scattering problem for a system 
described by the Hamiltonian H a constructed in the case where A a has continuous spectrum. 
We show that this formulation is correct and scattering operator is exactly the same as in 
initial spectral problem. 



II. INITIAL SPECTRAL PROBLEM AND TWO-CHANNEL HAMILTONIAN 

Let Ai and A 2 be self-adjoint operators acting, respectively, in "external", Tii, and 
"internal", Ti 2 , Hilbert spaces. We study the spectral problem (§) with perturbation V a (z) 
given by @. We suppose that B a p G H(Tl a ,TCp) where 'Q(J-L a ,'Hp) is the Banach space of 
bounded linear operators acting from 7i Q to Tip. 

Note that the method developed in the present paper works also in the case of more 
general perturbations §1 V a (z) = —1Z a (z) containing linear terms, 

Tl a (z) = N a z + B a p(Ap-Npz-z)- 1 Bp a (5) 
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with N a , self-adjoint bounded operator in TL a such that N a > (5 — 1)1 a where 5 > and 
I a is the identity operator in Ti a . Thing is that the equation @ with V a (z) = —TZ a (z) can 
be easily rewritten in the form (0),(^). To do this, one has only to make the replacements 
u„ - < = (I a + N a yi 2 u a , A a — »■ A' a = (I a + N a )- 1/2 A a (I a + iV a )- 1 /2 and BaP - B' ap = 
(I a + iV Q ,) _1 / 2 5 Q , J g(/ / a + Np)" 1 ' 2 . Therefore we shall consider further only the initial spectral 
problem 

We shall assume that operators A a , a = 1,2, may have continuous spectra a c a . To deal 
with these spectra we accept below some presuppositions in respect with A a restricting us 
to the case of a two-channel variant of the Friedrichs model [pH| , [ pl|j . Note that these 
presuppositions are not necessary for a part of statements (Lemma [l], Theorems [T]-f3] and [|) 
which stay correct also in general case. 

The presuppositions are following. 

At first, we assume that Hamiltonian H is defined in that representation where operators 
A a , a = 1, 2, are diagonal. We suppose that continuous spectra a c a of the operators A a , a = 
1,2, are absolutely continuous and consist of a finite number of finite (and may be one or 
two infinite) intervals (a^ b%' ), — oo < a^} < b^£> < +oo, j = 1,2, ...,n a , n a < oo. At 
second, we suppose that discrete spectra cx^ of the operators A a , a = 1,2, do not intersect 
with (Tq, UaCl^a = $1 an d consist of a finite number of points with finite multiplicity. In 
this case the space TC a may be present as the direct integral [^7j 



i2®g a (X)d\= © g a (X)® f ®g a (X)d\, a a = a c a \Ja d a cR. (6) 



The space 7i a consists of the measurable functions f a which are defined on a Q and have 
the values / a (A) from corresponding Hilbert spaces G a (X). By ( • , • ) we denote the inner 
product in Ti. a , 

{fa,9a)= t(fa(X),g a (X))=J2(f<*W>9a(X))+ [ dX(f a (X), 9a (X)), 

Xeaa ^< xlg 

where (■, ■) stands for inner product in Q a (X). By | ■ | we denote norm of vectors and 
operators in Q a (X) and by || • ||, the norm in TL a . Operator A a acts in 7i a as the independent 
variable multiplication operator, 

(A a f a )(X) = X-f a (X), a = 1,2. (7) 

It's domain V(A a ) consists of those functions f a G 7i a which satisfy the condition 
•£ X 2 |/ a (A)| 2 < oo. For the sake of simplicity we assume that G a (X) does not depend 

on A G a c a} i.e. G a (X) = Q% for each A G a c a . Hence, / ®G a (X)dX = L 2 (a c a ,G c a ) = H c a . By 



E a (dX) we denote a spectral measure ]27| of the operator A a , A a = J XE a (dX). In the 
diagonal representation considered, the spectral projector E a acts on / G Ti a as 

(E a (A)f)(X) = XA(X)f(X) (8) 

for any Borelian set A C a a . Here, xa is a characteristic function of A, Xa(A) = 1 if A G A, 
and xa(A) = if A ^ A. 
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Let be a class of functions F defined on a a x ap, a, (3 = 1, 2, for each A G cr a , 11 G erg 
as operator F(X,lm) : Gp(p) — > <? Q (A), with || F ||g< 00, where 

||F|| B = sup (1 + |A|)*(1 + |//|)*|F(A^)|+ 
A e o- Q 

X,\'€a% I |A-AP J 

m e 073 

+ sup ((l + |A|)»l F ' A -")- F ' A ^' 




j |F(A, /i) - F(X', /x) - F(A, //) + F(A', //) 
+ a,a U L, I |A-A'|%-^| 



With the norm || ■ ||g this class will constitute a Banach space. We introduce also the 
Banach space M.e y (cr a ) of functions / defined on a a with the norm 

||/|| M =sup(l + |A|)*|/(A)|+ sup lfi ^~!^' )l <oo. 



XecTa A,A'GCT= 



|A- A'|t 



The value /(A) of the function / G A^e 7 (cr a ) is an operator in (? a (A). 

Let B a p be an integral operator with a kernel B a p(X, li) from the space i?^ 3 , 6* > |, | < 
7 < 1. We assume that B a p(X, li) is a compact operator, B a p(X, lm) : Gp{p) — ► ^a(A), for 
each A G cr Q ,/U G 073 and B a p(X,Li) = if A belongs to the boundary of a c a or li belongs to 
the boundary of 0%. 

With this presuppositions the Hamiltonian H may be considered as a two-channel variant 
of the Friedrichs model p0 |, pTf . Investigation of H repeats almost literally the analysis 



from Ref. |?T . Therefore we describe here only final results which are quite analogous to 
20| , [21]. These results are following. 

The operator H is self-adjoint on the set £>(H) = V(A\) © V(A 2 ). Continuous spec- 
trum of H is situated on the set cr c (H) = o\ U a 2 - Let H c be the part of H acting in the 
invariant subspace corresponding to continuous spectrum. The operator H c is unitary equiv- 
alent to the operator H = A^ © A 2 with A^\ a = 1,2, the restriction of the operator 



A a on 7i c a . Namely, there exist wave operators and \ 



? .(±) „(±) 
"11 "12 

U 2l U 22 



s- lim e im e- iHo *, with the following properties: HU^ = t/ (±) H , f/( ± )*[/( ± ) = J, 

U (±) U (±)* = J _ p. Here p 

is an orthogonal projector on subspace corresponding to the 
discrete spectrum 0d(H) of the operator H. 

The kernel u^(X,X') of the operator u^,a = 1,2, represents an eigenfunction of the 
continuous spectrum of the problem (0) for z = X' ± iO, X' G er£, and satisfies the integral 
equation 



u 



W(A, A') = FJ(X - A') - \{A a — A' =f iO)- l V a (A' ± iO)u^)(X, A'), (9) 
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where I£ is identity operator in A G (Tq,. For each concrete sign (plus or minus) and for 
each A' G a^, A' G" er d (H) the function m^(A, A') is an unique solution of eq.@ in the class 
of the distributions 



/W(A) = I Q <5(A-A') + 



/(A) 



A- X'TiO 



(10) 



where ~ < 0' < 9, \ < 7' < 7. At the same time 



is the problem 

The 1 
operator 



«i?(A, A') = -[(A Q -A't iO^B^uf^X, A'), /3 ^ 
H) eigenfunction corresponding to A' G crS. 



a-. 



The functions u^j , a, (3 = 1,2, can be explicitly expressed in terms of kernels of the 



T{z) = B - B(H 
Corresponding formulae read as 



B 



B 12 
B 2 i 



u l3a (A, A ) = dp a I a d[\ - A ) ; - — , n G a/3, A G cr Q) 



with t-matrices 
and 



-^oa B Q p 



fj, - A' =f iO 



T/3 Q — Bp a 



2 - A a + B aP (A p - z) l B l3o \ (z-A a ) 



z - A p + Bp a (A a - z) 1 B al3 



-1 



B 



Pa, 



Considering the equation for T(z), T(z) = B — B(A — z) 1 T(z), A = A\ © A 2 , one shows in 
the same way as in p0| , f2~lf that for all z G C \ cr(H), each kernel Tp a (/i, A, z), a, (5 = 1, 2, 
belongs to the class with arbitrary 7' such that \ < 6' < 6, \ < 7' < 7. In respect 



with variable 2, the kernel of Tp a (z) is continuous in the S^y-norm right up to the upper 
and lower borders of the set a c (H) \ cr^H). 

Scattering operator S = U^*U^ for a system described by the Hamiltonian H is 
unitary in 7i c a . It's kernels sp a (/i, A), a, (3 — 1, 2, are given by expressions 



Spain, A) = 6(ji - A) [5p a I c a - 27iiT f3a (fi, A, A + iO)] . 



(11) 



By Uj, j = 1, 2, . . ., we denote eigenvectors, C/j = {ui,u^}, Uj G 2?(H), || Uj || = 1, and 
by Zj, Zj G R, the respective eigenvalues of the operator H discrete spectrum cr^H). The 
component u%', a = 1, 2, of the vector Uj is a solution of Eq. 

(S /fa «W)( Zi ) = o. 



at 2 = 2j. If 2j Gcr§ then 
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III. CONSTRUCTION OF THE OPERATORS H a 



The paper is devoted to construction of such operator H a that it's each eigenfunction 
u a ,H a u a = zu a , together with eigenvalue z, satisfies Eq. (0). This operator will be found 
as a solution of the non-linear operator equation @. To obtain this equation we need the 
following operator- value function V a (Y) of the operator variable Y : 

V a (Y) = B al3 J E p (d,i)Bp a (Y - fx)- 1 , 

<Tf3 

Y : H a — > H a . We suppose here that (Y — fil)^ 1 G L^ap, H(H, a , H a )) if fi G op. 
This means that o~p has not to be included into the spectrum of the operator Y . The 

integral Q{T) = j Ep(dfi)Bp a T(fj,) may be constructed in the same way as integrals of scalar 

073 

functions over spectral measure Namely, we consider Q(T) for T e L^i^ap, 3(TC a , 7~C a )), 
\\T\loo = Ep— sup ||T(/i)|| < 00 (hereafter Ep— sup means the supremum with respect to Ep), 

as a limit value, with respect to the operator norm in B(H Q , 7i a ), of finite integral sums for 
piecewise-constant operator-value functions approximating T in L 00 (o-p,~B(H a ,'Ha))- We 
show the existence of this integral at least in the case where the Hilbert-Schmidt norm 
H-Bo^lh is finite. 

Lemma 1 Let T e L QO (cr / 3, B(7i Q , 7i a )) and || B a p || 2 < 00. Then the integral Q{T) exists 
as a bounded operator in Ti a with norm satisfying the estimate ||Q(T)|| < ||T'|| 00 - H-B^o:!^- 

Proof. We prove the Lemma in the diagonal representation (||), ([?]). By (|5D we have 

= tBpa(ji,X)(T(ji)f){X)dX 

for any / e 7i a . It means that 

I W)(/*)| 2 <£ d\ ■ \Bp a (^\)\^d\\(T(rif)(\)\ 2 = 

= £ dX\B Pa (n, A)| 2 ■ \\T(f,)ff < £ dX\B Pa (n, A)| 2 • ||T(/i)|| 2 • ||/|| 2 . 

Hence, integrating over fi G <7p we come to the relation 

II Qf \\ 2 <\\ Bp a llMlTllL-ll/f 

which completes the proof. 

Let us suppose that (H a — fil)^ 1 G L 00 (a - / g, B(7^ a , TC a ))- We note that if H a ip a = zip a , 
then automatically 

V a (H a )ip a = B a p J Ep(d/j,)Bp a (z - /i)"V« = 
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= B a/3 (z - Ap) Bp a ip a = V a (z)ip, 



(12) 



It follows from (|12|) that H a satisfies the relation H a ip a = (A a + V a (H a ))ip a and we can 
spread this relation over all the linear combinations of H a eigenf unctions. Supposing that 
the eigenf unctions system of H a is dense in 7i a we spread this equation over T>(A a ). As a 
result we come to the desired basic equation (f|) for H a (see also Refs. |J, PT7[| — []T9|] ) . Eq. (Q) 
means that the construction of the operator H a comes to the searching for the operator 

Qpa = I Ep(dfl)Bp a (H a - fM)-\ (13) 

Since H a = A a + B a pQp a , we have 

Qp a = J E f3 (dfi)B f3a (A a + B al3 Q(3 a - fi)' 1 , (5^ a. (14) 

In this paper we restrict ourselves to the study of Eq. ( |14|) solvability only in the case where 
spectra <j\ and <7 2 are separated, 

d = dist(o"i, cr 2 ) > 0. (15) 
Using the Lemma |I] and the contracting mapping Theorem, we prove the following: 

Theorem 1 Let Mp a (5) be a set of bounded operators X, X : TC a — > Tip, satisfying the 
inequality \\X\\ < 5 with 5 > 0. If this S and the norm \\B a p\\ 2 satisfy the condition \\B a p\\2 < 
dominjy^, y^p-}, i/ien Eq. flDft) is uniquely solvable in Mp a {8). 

Proof. Let 

F(X) = J Ep(dfi)Bp a (A a + B a/3 X - /i)- 1 (16) 

with X, the operator from J5(Tl a ,Tlp). 

Firstly, consider conditions where the function F maps the set M a (S) into itself. We 
suppose here that B a p and X are such that 

\\B a p\\ 2 \\X\\<8\\B aP \\ 2 <d Q (17) 

and consequently, ||-B ay gX|| < do. This means that spectrum of the operator A a + B a pX 
does not intersect with the set ap. Hence, the resolvent (A a + B a pX — /i)" 1 exists and is 
bounded for any /i G op. Thus, by Lemma [I] we have 

\\F{X)\\ < \\B a p\\ 2 -Ep- sup IK^ + ^X-zi)- 1 !). 

Due to identity 

(A Q + B a pX - fi)- 1 = (/ + (A Q - fi^BvpXy 1 (A a - /i)" 1 



S 



and inequality ||-B a( g|| < ||-B Qi g||2 we make estimation 

\\{A a + B aP X-n)- l \\<- — { \\(A a - < 

< 1 1 - 1 (18) 

~ ^ ~ do d — H-Bct/3 1| 2<5 

Therefore, the set M a (5) will be mapped by F into itself if ||-B a /3||2 and 5 are such that 

\\B a ph-- ji-o^*- (19) 

Secondly, study conditions for the function F to be a contracting mapping. Now, we 
consider the difference 

F(X) - FiY) = J E p (d^)Bp a [(A a + B al3 X - ^ l - (A a + B a/3 Y - ^ l 
= J E p {dn)B Pa {A a + B a/3 X - yL)- x B aP {Y - X){A a + B a/3 Y - f^)' 1 . 



Again, by Lemma [I], we have 

\\F(X)-F(Y)\\< 

< II^Hl • sup \\(A a + B a/3 X -fiy'W • sup \\{A a + B a pY-^)- l \\ ■ \\(Y - X) 

H£ap neap 



With fll8|) we come to the estimate 

\\F{X) - F(Y)\\ < \\B aP \\l ■ 1 -\\Y-X\ 

{d - \\r! a i3\\2<j) 

The function F becomes a contracting mapping if 



l-Ba/^lll 



(d - \\B a p\\ 2 5) 2 
Solving system of the inequalities ([H])> (0) an d (p0|) we find 

8 1 ' 



< 1. (20) 



Ba/3\\2 < rf min 



and this completes the proof of Theorem [I]. 



1 + 5 2 ' 1 + 5 



Corollary 1 Equation ( fffy is uniquely solvable in the unit ball Mp a (l) C ~Q(7i ai 7ip) for 
any B a p such that 

\\B a ph < \do. (21) 
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To prove the inequality (j5TD , note that max min [j^z, 1^5} = \ (at 5 = 1). Hence, 

if ([H]) takes place then the function (|I6| ) is a contracting mapping of the unit ball Mp a (l) 
into itself. 

Remark. In the proofs of Lemma [l] and Theorem [l] we did not use the assumption about 
finiteness of the numbers n a of intervals included in continuous spectra a c a of the operators 
A a , a = 1, 2. Really, these assertions take place in the case of arbitrary spectrum a a . 

Finiteness at least of one of the numbers n\ and n 2 will be used at the moment. If n\ 
and/or n 2 are finite and 



we can state that 



\B a pQp a \\ <d = dist{(7i, cr 2 }, a = 1, 2, (3 ^ a, 



C 

\\(A a + B a pQp a - < ° , , a = 1,2, at any // G cr^, [3 ^ a, 



+ I A 4 



(22) 



(23) 



with some C a p > 0, C ai g ~ l/(d Q — \\B a pQp a \\). Of course this estimate is essential only in 
the case where <jp is unbounded. It follows immediately from Eq. ([14]) that if n\ and/or n 2 
are finite then Qp a f a G T>(Hp) = T>(Ap) for any / Q G Ti a . 

In this case we can rewrite Eq. (|14"D in symmetric form as a stationary Riccati equation 
(see the book [EHJ and Refs. therein), 



3aA a — ApQp a + Qp a B a pQp a — Bp a . 



(24) 



To make this, it is sufficient to calculate the expression Qp a H a — ApQp a for both parts of 
eq.flllD having in mind that we apply it to f a G V(H a ). Did, we have 



3aH a — ApQp a 



( (A* + B, 



af3^if3a. 



— A.pQp a — Qp a A a — ApQp a + Qp a B, 



On the other hand, 

Q/3 a H a — ApQp a = J [Ep(dfi)Bp a (H a — n)~ l H a — fj,Ep(d/j,)Bp a (H a — t 1 )^ 1 ] = Bp a . 



One finds immediately from Eqs. (|24|), a = 1, 2, that if Qp a gives solution H a = A a +B a pQp c 
of the problem (f|) in the channel a then 



Qaf3 = -Q*p a = - f( H a - A*) 1 B a pEp(dfx) 



(25) 



gives analogous solution Hp = Ap + Bp a Q a p in the channel j3. 
Theorem 2 Let Qp a , Qp a G ~Q{7i ai 7ip), be a solution of Eq. ( |^ ) satisfying together with 
Q a p = —Q*p a the conditions ft2Bj). Then the transform H' = Q _1 HQ with Q = 
reduces the operator H to the block-diagonal form, H' = diagjifi, H 2 } where H a = A a + 
B a pQp a , a, P — 1, 2, p ^ a. At the same time, the operators O a = * ^ reduce the 



3a 1/3 



Hamiltonian H ; H 



A a B a p 
Bp a Ap 



to triangular form, = O a l Yi0 



H a B, 

m 



a/3 
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Proofs of both statements are done by direct substituting Q and O a into the definitions of 
H' and and using the equations (24) . 

We have to note only that operator Q is invertible since, according to (p5|), 



X a — la — QafiQfia ~ fa + QaflQafi ^ la, OC — 1, 2, 



(26) 



and 



Q 



-i 



-i 



Xo l 



h ~Ql2 

-Q21 h 



(27) 



Corollary 2 Subspaces W<«> = O a {H a © {0}) = {/ : / = {f a J } E H, f a E H a , fp = 
Qpafa} are orthogonal, 7i (1) JL H (2) , and reducing for H ; H (x>(H) n^ (a) ) C ftH 

Really, if / G # E H W) and / = {f a ,Qp a fa}, 9 = {Q a p9p,9p}, then (f,g) = 

(fayQapgp) + (Qpafa, gp) = since Q 0a = -Q* a p- Tne invariance of H {a \ a = 1,2, in 
respect with H follows from the equality HQ = QH'. 

Assertions quite analogous to the Theorem ^ and Corollary ^| one can find in Refs. [f22 



[23[. Solvability (for sufficiently small ||S a/ g||) of the equation (|24]) was proved in J22|], |23 



by rather different method also in the supposition fll5|) . 

Remark. It follows from Theorem |2] that operator Q = QX^ 1 ^ 2 with X = diag{Jfi, X2} 
is unitary. Consequently, the operator H" = Q*HQ = X 1 I 2 1XX~ 1 I 2 becomes self-adjoint 
in H. Since H" = diag{#{', H'{} with H'^ = X^HaX' 1 / 2 , the operators H'^ a = 1,2, 
are self-adjoint on V(A a ) in H a . Moreover the operators H( Q ) = Q ■ diagjif^', 0} • Q* = 
Q ■ dia,g{H a , 0} • Qr l represent parts of the Hamiltonian H in the corresponding invariant 
subspaces US 1 ' and (see also Refs. p^j , [p3| ). 

Unfortunately, eigenvectors i\)" a of the operators H'^ differ from those for the initial spec- 
tral problem <g): f' a = X]j 2 ^ a . 

Lemma 2 Let the kernel Bp a (fi, X), (3 7^ a, of the operator B 0a belong to the class with 
9 > \ and Qp a be a solution of Eq. ( \m ) satisfying together with Q a p = —Q*p a the conditions 
(HJ. Then 

(a) the operator Qp a is an integral operator, Qp a : 7i a — > Hp, with a kernel Qp a (^,^) 
belonging to Bg" ; 

(b) the potential W a = B a pQp a is an integral operator, W a : 7f a — > 7i a , with a kernel 
W a {\,\') belonging to B%«. 

Proof. At the beginning we prove the assertion (b). According to (P5|), 

W a = -B a p J (H; - Xy'B^E^dX) (28) 

with Hp a = A/3 + Wp = A/3 + Q* aj3 B a p. Since the inequalities (^) take place we write 

\\(m-X)- 1 \\ = \\(Hp-X)- 1 \\<Cp a 
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for any A G a a . In the diagonal representation the equation (|28|) turns in 

W a (X, A') = -B a p(X, - ){H;- \)- l B Pa { ■ , A'). 

It means that 

\W a (X,X')\< \\B a p(X, ■)\\ H ^\\(H;-\)- l \\.\\Bp a (-,\>)\\ H p < 

< Cp a \\B a p(\, - )\\h ■ \\Bp a ( ■ , A') 11^- (29) 

1/2 



Here, \\B a p(X, •)!!«« 



t2\B a p{\, n)\ 2 dfi 



. Since 6 > |, we have ||S ai g(A, • ) ||^„ < 



£(g) 
(1+|A|) 6 



l-BUs with some c(#), c(6 l ) > 0, depending only on 6. Analogously, 

c(B) 



\Bp a ( ■ , \')\\n f 3 - \\B a p(X, ■ )\\n p < ^ - ^ttq • 



where the operator B a p(X,fi), B a p(X, //) : ^(/x) — > £/a(A), is adjoint to Bp a {fi,X). 

Estimations similar to ( P9"D may be done also for |W a (A", A')— W a (X, A')|, A, A" G cr£, A G 
a a , \W a {X,X"')-W a {X,X% AGa Q , A'",A'G^,and|H/ a (A,A')-^ Q (A",A')- W Q (A,A"') + 
W a (X",X"% A, A', A", A'" G o£, in terms of the norms \\B a p(X, •) - B a p(X", -)\\ Hp and 
||-8y9a( " ? X'")—Bp a ( ■ , A')||-Wg. Estimating the latter through ||-B Q/ 3||g we come to the inequality 

II Walls?" < c(9)Cp a ■ \\BpaWgpc 

with < c{6) < oo. Therefore, we have proved the assertion (b). 
To prove the statement (a) we note that according to flUj), 

Qpa = J Ep{dfi)Bp a [(Aa - fi)- 1 - (H a - ii)~ l W a {A a ~ 

or, in the diagonal representation (§[),([/]), 

Bp a {fi,X) Bp a {fi, - ){H a - fi^Waj^X) 

QpaW, AJ = r " . 

A — fi A — /i 

Repeating literally the last part of the proof of the assertion (b) we come to the inequality 

HQ/falls^ < SUp j— — 1 • I \\Bp a \\ B a + 

6 ~' /j e ap I A A* I I 6,7 
A e a a 

+ c(6) ■ \\Bp a \\ B p a ■ sup \\(H a -/i) _1 || ■ ||W a ||f»» L < c(0) < +oo. 

«7 neap 7 J 

Consequently Qp a G and 

HQ/talle < y • {\\Bp a \\ B + cWCnpCfa ■ \\Bp a f B \ , < c(0) < +oo. 
This completes the proof of Lemma 0. 

Corollary 3 If Bp a G Sg", > |, £/ien £/ie solution of Eq. (jT^j described by Theorem^ 
belongs to the class Bg" , too. 

This statement is based on the fact that the mentioned solution satisfies automatically 
the conditions (E2|) and, hence, the conditions (|2l 
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IV. EIGENFUNCTIONS AND THE EXPANSION THEOREM 



In the preceding section, we have proved the existence (in the unit ball Mp a (l) C 
H((H a ,Hp)) of a solution Qp a of the basic equation (|14"D only in the case where spectra oj, 
a 2 of the operators Ai, A 2 are separated, dist{<7i, a 2 } = d Q > 0, and H-B12II2 = H-B21H2 < ^f- 



May be, however, Eqs. (|4]) and ([14]) have solutions also in other cases. That is why we study 
the spectral properties of the operator H a = A a + B a pQp a not supposing that H-Ba/^lh < 
and using more general requirements ( p3|) only, with C a p, some positive numbers, a, (3 = 1, 2, 
(3 7^ a. Of course, we assume again that the condition takes place. Remember that the 
requirements fl23|) are sufficient for existence of the operators V a (H a ). As well, the equations 



and fl25|) take place and the assertions of Theorem |] and Lemma ||] are valid. 



So, let us suppose that Qp a and Q a p = —Q*p a are solutions of Eqs. ( [H[ ) and ( PH ) satisfying 
the conditions fl23|). It follows from Lemma [3] that Qp a G 'Qp a (H OL1 7ip) as well as Q a p G 
B a/3 (^, 7Y a ). If 5^ G S^*, 6 1 > |, then, according to Lemma g G 23^" and Q Q/3 G S^. 

By Theorem |2|, the operator H' = diag{i?i, H 2 } is connected with the (self-adjoint) 
operator H by a similarity transform. Thus, the spectra cr{Hi) and o~(H 2 ) of the opera- 
tors H a , a = 1,2, are real and a{Hi){ja{H 2 ) = cr(H). Continuous spectrum a c (H a ) of 
the each operator H a coincides with that of the operator A a , a c (H a ) = cr^, since due to 
1 1 -Bq./3 1 1 2 < +00, the potential W a = B a pQp a is a compact operator. Since alC\a 2 = we 
have a c (Hi) f\a c (H 2 ) = 0. We show now that the discrete spectra ad(H a ), a = 1,2, satisfy 
a similar condition. 

Let us suppose that ad(H a ) 7^ 0, z G ad(H a ) and ip a is the corresponding eigenfunction 
of H a , H a ip a = zip a , ip a G V(H a ) = T>(A a ). Then, according to construction of H a , we have 
H a ?pa = (A a + V a (H a ))if) a = (A a + V a (z))if) a = zip a . Thus if z G ad(H a ) then z becomes 
automatically a point of the discrete spectrum of the initial spectral problem (§). At the 
same time ip a becomes it's eigenfunction. 

Let us further denote the eigenf unctions of the operator H a discrete spectrum by ip^\ 
= keeping for them the same numeration as for eigenvectors of Uj, Uj = {u^\ ui }, 
of the Hamiltonian H, HUj = ZjUj, Zj G o~d(H). We assume that in the case of multiple 
discrete eigenvalues, certain Zj may be repeated in this numeration. By U d we denote the 
set U d = {Uj,j = 1, 2, . . .} of all the eigenvectors Uj. 

Let U d be such a subset of U d that it's elements have the operator H a eigenvectors 
in the capacity of the channel a components: U d = {Uj : Uj = {uf\ u 2 }, u$ = By 
Theorem @, we have Uf U U% = U d . 

Theorem 3 Let Hp = Ap + Bp a Q a p, correspond (for \\Bp a \\ 2 < +00) to the same solution 
Q a p = —Q*p a of Eqs. ( p 7 ^ ) and as H a = A a + B a pQp a , and the conditions jj^ ) are valid. 
Let Zj G Od{H a ) and H a u$ = ZjU$ with the channel a component of the eigenvector 
Uj = {u^\v,g } of the operator H, HUj = ZjUj. Then either Zj G" a d (Hp), (3 7^ a, or (if 
Zj G crdiHp)) the vector v/£ is not an eigenvector of Hp. 



Corollary 4 U?f)U 2 = 0- 



13 



Statement of Theorem |3| means that discrete spectrum er^H) is distributed between 
discrete spectra ad(Hi) and <Td(H 2 ) in such a way that operators Hi and H 2 have not "com- 
mon" eigenvectors Uj = {ui\u 2 }'■ simultaneously, component can not be eigenvector 
for Hi, and with the same j, for H 2 . 

Proof of the Theorem will be given by contradiction. 

Let us suppose that ip^ = u$ is an eigenvector of H a corresponding to Zj i.e. 

(A a + B aP Qp a - Zj )^ = 0. (30) 

If Zj G a a — a(A a ) then automatically Zj G" <Td(Hp) since due to conditions (|2"3"D we have 
c(iifg) nc"(^4o) = 0- Thus in the case where ^ G <r a the assertion of Theorem is valid. 
Let Zj G" cr(A a ). In this case we can rewrite Eq. ([30]) in the form 

= -(A, - z^B^Q^l (31) 

Let = Qp a ^ { i ] . It follows from ([31]) that 

4 i) + Q^ a (A a -^)- 1 # = 0. (32) 

We will show that the vector y»' is a solution of the initial spectral problem (Q) in the 

channel (3 at z = and C/j = {ipa\va I * s an eigenvector of H, Hf/j = ZjE/y. To do this, we 
act on both parts of Eq. (^) by H% — Zj remembering that, according to fl2"o]), Q/3a = —Q* a p 
= - S{H* p - X)- 1 B l3a E a {dX). We obtain 

(h; - Zj ) y f + J(h;- Zj )(H* p - X)-\z 3 - Xy l B Pa E a (dX)B a0 ^ = 0. 

Using the identity (H - z){H - X)~\z - A)" 1 - (z - A)" 1 - (if - A)" 1 we find 
(flj - + / ~ A)" 1 - (H* p - Zj)]Bp a E a {dX)B aP yf = 



or, and it is the same, 



(H; - Zj)yf - B a(3 {A a - Zj)- 1 B aP yf + Q^B^yf = 0. (33) 



However Ha = Ap — Qp a B a p. Hence the relation ( ]33| ) turns in equation (|2|) for the channel 

[A/3 - Bfs a (A a - Zj)- x B a p - Z j]yf = 0. 

So, we have proved that is a solution of the initial problem in the channel (3 and we 
did deal with an eigenvector Uj = {u^\u^} of the operator H having the components 
v$ = V# } and uf = y%\ 

Let us show that can not be an eigenvector of Hp corresponding to the eigenvalue 
Zj. Actually, due to (]32]) we have 

a = {yf + Qj3a(A a - Zj)- x B a(i yf, yf) = 0. 
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On the other hand 

a = ||#|| 2 + ((A a - z^B^yf.Q^yf). 
If ifjp is an eigenvector of Hp, Hpy^ = Zjyf 1 , then 

QTpaVf = -Qafrip = ~J E a (dX)B a p(Hp - A)- 1 ^ = (Aa - z^B^yf. 

(Tot 

It means that 

^=\\yf\\ 2 + \U a -z j )- 1 Bapyff>\\yff. 

Since a = we get Ug = and, due to fl3l"D , = 0. However, by supposition, tp^ ^ 0. 

Thus, we come to a contradiction and y^ can not be an eigenvector of Hp. And so, if 

Zj G <Jd{H a ) and H a u$ = ZjU$ then uffi is not an eigenvector of Hp. The proof of 
Theorem is completed. 

Let us pay attention to the continuous spectrum of H a assuming here that B a p G Bg^, 
9 > |, 7 > |, and consequently, G Sg", a, /3 = 1, 2, /3 ^ a. 
Consider at A' G cr£ the integral equations 

^ ±} (A, A') = FJ(X - A') - [(A a — A' =f ? 0)™ 1 H/ Q ^ ± )](A, A'), a = 1, 2, (34) 

where as usually W a = B a pQp a . Since W a G Bg", the integral operator with the kernel 
^ (A ' A,) is compact in A^y, § < 0' < 0, < f < 7 (cf. Refs. H, @). If A' £ <T d (fT a ) 



A-A'=piO 

then Eq. ( ^ ) for as well as for ij) a ~> is uniquely solvable (see Ref. pi] ) in the class of 
the form (|T0|) distributions. 

Denote by VP^, : TC a —> T~t a , the integral operator with the kernel ip( f'(X, A'). The 
operator is bounded and fWD^) C P(# a ) @, 0. It follows from @ that 
*W has the property = Thus, Qp a ¥±\-, A') = (A'-A^)- 1 Bp a ¥±\-, A'). 

Substitution of this expression in (|54"D shows that ip a ^ satisfies (|9|). Due to the uniqueness 
of Eq. (|) solution at A' G" <r d (H) we have i/;^(X,X') = u^(X,X'). This means that each 
eigenfunction u a ^(X, A'), A' G cr£, A' G" cr<i(H) of the initial spectral problem problem (g) is 
also an eigenfunction of H a . 

Consider the functions = ip^ — Q a pUp and 

$±)(-, A') = 1>&>( ■ , A')- Qapuf a \ ■ , A'), A' G <. Let ¥±\ : ^ -> W a , be the integral 
operator with the kernel ^^(A, A'). 

Theorem 4 TTie functions ip^' (with j such that Uj G 14%) are eigenf unctions of adjoint 
operator H*,H* = A a + Q% a Bp a , discrete spectrum, H*ipW = Zj^K Operators i& a ± ' have 
the property H*¥^ = Hf^A®. At the same time the orthogonality relations take place: 
(^Wi fe) > = Sjk, ¥+>¥+) = I a \ H o a , = and = 0. Also, the following 

completeness relations are valid, 

E ^H-,^ ] ) + ^¥±>=I a , a = 1,2, (35) 
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Proof. Show for example that 

H*J$ = (36) 

(remember that Zj G R). We have 

= (A a - QapBpjtf® - Qapuf) = 
= (Aa ~ Q a pBp a )^ - (A a Q afi - QapBfaQaffiuf . (37) 

Note that A a = H a — B a pQp a and, hence, 

(A a - QapBftoW® = ztf® - (B a/3 Qp a + QapBpa)^. (38) 

The second term in the right part of (|38|) may be easily expressed by ui . Actually, ui = 
— (A/3 — z^^Bpaipw [here, we use again the property a(H a ) []ap = % following from (§3|)]. 
Since Eqs. ( pT3|) and H a ijj^ = Zji[>$ take place, we find Qpaip^ = B a pUp\ Thus, 

(B a f3Qf3 a + QapBpaty® = Bp a Q 0a 1p a j) + Q a p(Ap - Zj)(Ap - Zj^Bpofll)® = 

= B Pa u^ ] - Q a p(A p - Zj)u^'. 
Substituting the expressions obtained into (^) and then into (P7|), we get 

= - Qapuf) + [-B aP + QapAp - A a Q aP + Q a pB 0a Q a(3 \uf . 

According to the equations (|4j), the expression in the square brackets is equal to zero and 
we come to (pop. 

The equalities H*ip^( ■ , A') = \'^p^( ■ , A'), A' G a a , are proved quite analogously. 

The orthogonality relations = S jk , = o and ty^*^) = q are trivial. 

Proofs of the relation ^f^*^/^ = I a \ nc , and the equality (j35|) are very similar. Both these 
proofs are based on use of properties of the wave operators . As a sample, we give a 
proof of the completeness relation (|35|) . 

Consider the operator 

a= E i>jp(-,$<p) + *Jr a = 

= E ^JH-,^ ) -Q a puf) + ^ a [K-(Q a pnp a n (39) 

For convenience, we omit signs "±" in notations of = u^, and iff^ taking in 
mind for example the case of sign "+". We have from (j39j): 

a= E ^i-^ + ^K- E ^H-,Qapuf)-^ a Q* aP . 

It follows from the completeness relations ^/( ± )*f/( ± ) = / — P for wave operators that 
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*a«/j a = U aa U* pa = ~U a pU*pp - Yj ' ' U f)' ( 40 ) 

ZjGcr(H) 

Since UppQ* a p = (Q a pUpp)* = u* a p, we can write with a help of fl40|) that 

A = u aa u* aa + u a pU* a p + J2 J2 u^(-,Q af3 uf). 

In the last sum, the conditions Zj G 0d(H) and Uj G" U d mean really that we deal with any 
j such that Uj G Up. This follows from the equalities Ufl]U$ = U d and Uf f]U^ = (see 

Theorem |3] and Corollary |). For Uj G Up, the vector Up is eigenfunction of Hp, Up = 4>p\ 

and Q a pUp = Qapi/jp^ = u$. Thus, A turns in 

A = «a«^ + «^o+ E = (t/ (±) C/ (±) *+P)aa- 

Since f/( ± )f/( ± )* + P = / we find A = I a and this completes the proof of Theorem |]. 

Theorem [| means in particular that part H c a of operator H a acting in the invariant 
subspace corresponding to it's continuous spectrum o~ c a , is similar to the operator A^ 1 , H c a = 
^a ±S) A^^^* , and spectrum o c a is absolutely continuous. 

V. INNER PRODUCT MAKING NEW HAMILTONIANS SELF-ADJOINT 

We introduce now a new inner product [ . , . ] a in TC a , [f a , g a ) a = (X a f a , g a ), f a , g a G 7i a , 
with X a defined as in Theorem X a = I a + Q a /3Q a p, ot = 1,2. The operator X a is positive 
definite, X a > I a . This means that [ . , . \ a satisfies all the axioms of inner product. 

Theorem 5 The operator H a , a = 1,2, is self-adjoint on T>(A a ) in respect with the inner 
product [. , .] a . 

Proof. It follows from Theorem |2| that operator H' is self-adjoint in 7i = Tii © "rt 2 in 
respect with the inner product [., .], [f,g] = [Xf,g] with X = diag{X l5 X 2 }. Did, since 
Q- 1 = Q*X~ 1 = X^Q*, we have for f,ge D(H') = P(H) = V{A X ) © £>(A 2 ): 

[Wf,g] = (XQ- l UQf,g) = (X ■ X' 1 Q*HQf g) = 

= (f, Q*HQg) = (f,X- X^&HQg) = [f,H'g]. 

Here, we used the fact that in the case of @, Qf G V(A 1 )®V(A 2 ) if / G V{A X ) © V(A 2 ). 

Taking elements /, g in the equality [H'/, g] = [f, H'g] in the form / = 0}, g = {gi, 0} 
or / = {0,f 2 }, g = {0,g 2 } with one of the components equal to zero and f a ,g a G V(A a ), 
a = 1,2, one comes to the statement of Theorem. 

Remark. This Theorem may be proved also in another way making use of the equality 

I* + Qa P Q* a p= E ^H-^+^a^: (41) 
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which is valid for both signs "+" and "— ". In this self-adjointness of H a in re- 

spect with [•, - ] a follows from the fact that it's spectrum is real and also from relations 
H*¥^¥±> = f (±)^(p)^(±). = yi±)%(±)*H a . The equality (£!]) itself is proved by calcu- 
lating it's right part in the same way as it was done where the completeness relations fl35l) 
were established (see proof of Theorem |J). 



VI. SCATTERING PROBLEM 

We establish now that operators \E^ + ) and play the same important role describing 
a time asymptotics of solutions of the Schrodinger equation 

ij t fa{t) = H a f a (t) (42) 



as in the usual self-adjoint case 20], [21 



Theorem 6 Operator U a (t) = exp(iH a t) exp(— iA^H) converges strongly if t —* =Foo, in 
respect with the norm \\ ■ \\* corresponding to the inner product [■ , - ] a in 7i a . The limit is 
equal to s- lim Ujt) = 

t — >=Foo 

Since the norms || ■ ||* and || ■ || in H a are equivalent, ||/|| < ||/||^ < (1 + • 
IIQ/Sall) 1 ^ 2 !!/!!) the same statement takes place also in respect with the initial norm || ■ ||. 

Theorem 7 For any element f£~> E l~L c a one can find such unique element f^ that solution 
fa{t) = exp(— iH a t)ff® of Eq. satisfies the asymptotic condition 

lim || f a (t)-ex V (-iA^t)f^ |£=0. 

There exists the unique element G T~t% such that 

lim || f a (t) - exp(-i4°H)/W ||*= 0. 

t — >+oo 

Elements f^ and f^ are connected by the relation f£~> = S^ a 'f^' with 
g(a) _ 1 T r (-)-l 1 r r (+) = |r(-)*ilr(+) = \b(-)*X *(+) 

We do not give here proofs of the Theorems |6] and [7] because they are exactly the same 
as in the case of one-particle Schrodinger operator in Ref. 

Theorem [7] gives the non- stationary formulation of the scattering problem for a system 
described by Hamiltonian H a . Moreover is a scattering operator for this system. 

Theorem 8 Scattering operator coincides with the component s aa of the scattering 
operator S, S = U^~'*U^ + ' , for a system described by the two-channel Hamiltonian H. 



Proof. Let us show that operator S^ a ' has the kernel s aa (X, A') given by Eq. (jTTf) . To do 
this, remember that = — Q a pU^2 (see Theorem |). Therefore, 

c(«) _ (xu(-)* _ „(-)*n* \\Xf(+) - v&(-)*\&(+) 4. 7, (_) *n a *(+) - „(-)*„(+) 4- 7 /~)* ,(+) 
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Here, we have used the properties = u^, Q* a p = —Qp a and Qp a ^^ = u^j established 
above. Since 



s 



GtOL 5 



we come to the statement of Theorem. The proof of Theorem [7| is completed. 

A kernel of the scattering operator may be presented also in a usual way ( |TT| ) in 
terms of the t-matrix t a (z) = W a — W a (H a — z)~ 1 W a , taken on the energy-shell. Note that 
t a (z) differs from T aa (z) introduced in Sec. [IT]. Did, easy calculations show that 

t a (z) = B aP [Ip + QfSa(A a - z)- l B a p\~ 1 Q Pa . (43) 

Using the basic equation ( p4|) one can rewrite (f43D in the form 

t a (z) = T aa (z) + t a (z) 

where 

t a (z) = B a p[Ap - B Pa (A a - z)- l B aP ]- l Q a(3 (A a - z) ^ 0. 

However the additional term t a (z) is evidently disappearing on the energy-shell due to pres- 
ence of the difference A a — z as an end factor. Actually, in the diagonal representation 
A a — z acts as the factor A — z vanishing at z = A + iO. Therefore, kernels of t- matrices t a 
and T aa coincide on the energy surface. 

Note also that in our case o\^\o\ = 0. Hence we have sp a = and S^ a ' = s aa is unitary. 
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